We are concerned with the multiplicity of solutions of the following singularly perturbed semilinear elliptic equations in bounded domains Ω:
Main theorem
We are concerned with the multiplicity of solutions for the following singularly perturbed semilinear elliptic equations:
(P where ε ∈ R + , Ω ⊂ R N (N ≥ 1) is a bounded domain, p ∈ (2,2 * ) (2 * denotes the critical exponent of the Sobolev embedding H 1 (Ω) L p (Ω) given by 2 * = 2N/(N − 2) if N ≥ 3 and 2 * = +∞ if N = 1,2). The main purpose of this paper is to discuss the relationship between the multiplicity of solutions of (P) ε and the shape of the profile of a(x) when ε is small. In order to characterize the topological feature of a(x), we introduce the following condition (A) Roughly speaking, the condition above implies that a(x) has a "peak" in K (condition (iii)), the value of a(x) on ∂K is uniformly less than the level of the peak (condition (iv)), and ∂K forms a set which surrounds the peak and is homotopically equivalent to S N−1 (condition (i)).
Then our main result reads as follows. Note that in this case, a(·) may not possess any global (local) minimum in Ω.
Remark 1.4.
(1) It would be a routine work to prove that (P) ε admits at least one solution u 0 (the "ground state solution") for all ε ∈ (0,∞) with the aid of the well-known Mountain Pass lemma and the compactness of the Sobolev embedding H 1 L p . However, one cannot expect in general the existence of multiple solutions. Indeed, for example, when a(x) ≡ 1 and Ω = ball, the uniqueness result for sufficiently small ε is known (Dancer [6] ). Theorem 1.1 says that immediately after a(x) is perturbed to have a "peak", other solutions u 1 , u 2 should appear even if the perturbation is very small (in the radial case, u 0 and one of the u 1 and u 2 , say u 1 , may be geometrically equivalent to each other, i.e., they may coincide via rotation in R N , so one gets at least two geometrically distinct solutions, u 0 ∼ u 1 and u 2 ). This "generation of higher energy solution" is a consequence of the change of topology of some level sets of the functional associated to (P) ε caused by the nontrivial shape of a(x). It is the purpose of this paper to discuss the effect of this change of topology on the multiplicity of solutions.
(2) It is already known that if a ∈ C(Ω) and the global minimum set of a(x), a min = {x ∈ Ω;a(x) = min y∈Ω a(y)}, is homotopically equivalent to S N−1 , then there exist at least cata min = catS N−1 = 2 solutions for small ε (here cat means the Ljsternik-Schnirelman category, see Definition 3.3 below). It should be noted that our assumption (A) K,r,c,c,δ does not require that a(x) should have a global minimum set in Ω as is stated in Example 1.3, but requires that "nearly" global minimum set of a(x) should contain the set ∂K which is homotopically equivalent to S N−1 .
(3) Another type of multiplicity result for −∆u + u = a(x)u + f (x) in R N , based on an argument similar to ours, is discussed in Adachi and Tanaka [1] .
Known results and notation

Known results.
The interest in (P) ε arises from several physical and mathematical backgrounds.
In the physical context, (P) ε can be regarded as a (reduced) nonlinear Schrödinger equation and small parameter ε corresponds to the Dirac constant .
It is well known that when can be well-approximated by 0 (this approximation is called "semiclassical approximation"), quantum mechanical equation may have a solution corresponding to a "semiclassical" state, concentrating around a classical mechanical equilibrium. It is also well known that the classical equilibrium is often given as the point which minimizes the potential energy.
So it is reasonable to expect that for small ε, (P) ε has a semiclassical solution concentrating around a point which attains the minimum of the energy potential a(x). Hence the structure of a min = {x ∈ Ω | a(x) = min y∈Ω a(y)}, the minimum set of a(x), may play a significant role for the existence and the multiplicity of solutions of (P) ε .
In the mathematical context, (P) ε can be regarded as a typical model exemplifying the following feature. In many semilinear elliptic problems including small parameters (e.g., semilinear elliptic equations involving the critical exponent [10] , stationary CahnHilliard equation [2] , Ginzburg-Landau equation [3] ), it is commonly observed that if the parameter is small enough, then the existence and multiplicity of solutions are controlled by the finite-dimensional object. As for singularly perturbed equations, del-Pino and Felmer [7, 8] and Cingolani and Lazzo [5] obtain the following result. 
below).
The finite-dimensional objects referred to above in Propositions 2.1, 2.2, and 2.3 are the local minimum set (point) of a(x), the "topologically nontrivial" critical set (point) of a(x), and the global minimum set of a(x), respectively.
Our problem (P) ε also bears some interesting aspect in the context of the so-called "variational problem with lack of compactness". As stated in Section 1, for problem (P) ε with bounded Ω, one can easily find that there exists at least one solution of (P) ε , the ground state solution, with the aid of the compactness of the Sobolev embedding H 1 (Ω) L p (Ω). On the other hand, in the case of unbounded Ω, the situation changes drastically. That is, (P) ε may not have a ground state solution. From the point of view of the variational analysis, this nonexistence is caused by the breakdown of the PalaisSmale condition for the functional associated with (P) ε due to the fact that the Sobolev embedding H 1 (Ω) L p (Ω) is no longer compact for unbounded Ω.
Even though we are concerned with (P) ε in bounded domains (the original problem), the analysis of (P) ε in R N with some weight function determined by a(x) (the limiting problem) plays a crucial role in investigating the multiple existence of solutions of (P) ε . That is, the lack of compactness of the variational problem associated with (P) ε in unbounded domains with (suitably chosen) weight functions causes the multiplicity of solutions of (P) ε in bounded domains. In other words, for small ε, (P) ε can be treated as a problem on "almost unbounded domains" with Palais-Smale condition.
Applying propositions above to our problem, we find that the following facts hold true.
(1) If a min = ∂K( S N−1 ) ⊂ Ω, then Proposition 2.3 assures the existence of at least cata min = cat∂K = catS N−1 = 2 solutions of (P) ε for small ε.
(2) Suppose that a(x) has a global maximum point in Ω and a(x) ∈ C 1 (Ω). Then Proposition 2.2 implies that there exists at least one solution of (P) ε for small ε, which concentrates to the global maximum point of a(x) as ε → 0.
As is pointed out in Section 1 (Example 1.3 and Remark 1.4), in our Theorem 1.1, we need not assume a min = ∂K nor a(x) ∈ C 1 (Ω).
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Moreover, our argument here relies on the comparison of variational structures of the original and the limiting problem with nontrivial weight function and, seems somewhat different from those in [5, 7, 8] .
Notation.
We here fix the notation frequently used in this paper.
Let ω be a domain of R N , and we use the following notation.
which is radially symmetric with respect to the origin, and
stands for a cut-off function such that ϕ r is radially symmetric with respect to the origin and
We also denote ϕ ε,r (x) := ϕ r (εx). For any y ε ∈ ∂K/ε, we put
and Φ ε,α (y ε ) := v ε,α,yε for all y ε ∈ ∂K/ε. Here K and r are a compact set and a positive constant which appear in the condition (A) K,r,c,c,δ,ρ in Section 1. We occasionally suppress the subscript α when no confusion occurs. (vii) We denote a ε (x) := a(εx). (viii) Let X be a Banach manifold and a ∈ R. Then for I ∈ C 1 (X;R), we put
where (dI) u represents the Fréchet derivative of I at u ∈ X.
Variational tools and preliminary facts
3.1. Variational tools. Our main tool relies on the variational approach. We here prepare some terminology frequently used later on. Our approach is based on the following fundamental principle.
Fundamental principle in Morse theory.
Suppose that M is a Banach-Finsler manifold and I ∈ C 1 (M) satisfies the following assumptions:
Then there exists a critical value c ∈ [a,b] . In order to compare the topology of sets, various kinds of topological invariants are known. We will here use the notion of the "category" of sets. We use the following notation.
Definition 3.2. Let M be a topological space, and let A and x be a closed subset and a point of M, respectively. 
We simply denote cat Ω [Ω] by catΩ. In terms of this notion, Ljusternik-Schnirelman theorem (category version) reads as follows. 
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In this paper, we use the variational method on the constraint manifold. In order to guarantee that the critical point on the manifold gives the critical point in the original space, we need the following version of Lagrange multiplier rule.
Proposition 3.5 (Lagrange multiplier rule, [12, Proposition 5.12] ). Let X be a Banach space, ψ ∈ C 2 (X;R), and J ∈ C 1 (X;R).
In the proof of Theorem 1.1, we have to compare the category of two sets. For this purpose we use the following comparison theorem of category. 
Then it is easy to see that
It is also obvious that for all
Therefore it holds that a = In order to prove the existence of the critical point which has the higher energy, we use the following version of minimax principle. Proof. Suppose the conclusion is false. Then the standard deformation lemma (see, e.g., [11, Theorem II.3.11] ) implies that for ε = (c − sup y∈∂A0 I • ϕ(y))/2, there exist ε ∈ (0,ε) and
Take any γ ε ∈ Γ such that max y∈A0
Then by the choice of ε, we have γ ε (y) ∈ [I ≤ c − ε] M for all y ∈ ∂A 0 . Hence, in view of (3.7), it is obvious that for all y ∈ ∂A 0 ,
Therefore γ ∈ Γ and, in view of (3.6), we have
a contradiction.
Preliminary facts. Setting v(x)
= u(εx), (the weak form of) problem (P) ε can be rewritten as
As for (P ) ε , the following fact is well known. For the convenience, we briefly give the sketch of proof.
Proposition 3.8 (variational formulation of (P ) ε ). To find nontrivial solutions of (P ) ε is equivalent to (V) find critical points of I 1,aε,Ω/ε on M p (Ω/ε).
Proof. Sufficiency of (V). Assume that (V) has a solution, that is, there exists u
* . Therefore, by Proposition 3.5, there exists C ∈ R such that
Testing (3.11) with h = u, we get
Then, by virtue of the fact that u = 0 and a ε > 0, we have
Testing also (3.11) with h = u − = min(0,u), we obtain
14)
whence follows u − = 0 and u = u + ≥ 0. Then it is easy to check that v = (I 1,aε,Ω/ε (u)/ p) 1/(p−2) u gives a (nontrivial) solution of (P ) ε .
Necessity of (V) also follows from arguments similar to those above.
For S p (ε,α,ω), it is well known that the following result holds. As we will see, the nontriviality of the topology of some level sets of I 1,aε,Ω/ε is the consequence of the nontriviality of that of ∂K. In order to discuss this relationship between the level set of I 1,aε,Ω/ε (in function space) and ∂K/ε (in R N ), we use the "truncated barycenter" β R (u) and a family of comparison function v ε,α,yε where y ε ∈ ∂K/ε (see Section 2.2 for definitions).
It is obvious that |β R (u)| ≤ R holds for all u ∈ M p (R N ). Moreover, if the (intuitive) barycenter of u ∈ M p is near "infinity", then β R (u) is located near ∂B R = {x ∈ R N | |x| = R}. Namely, the following holds. (
Proof. (a) Take any α > 0, ε > 0, y ∈ ∂K and set y ε = y/ε. Since we will consider the limit ε → 0, without loss of generality we can assume that 
as ε → 0, uniformly in y ∈ ∂K (recall that min y∈∂K |y| > 0 since 0 ∈ intK). 
Note that by the assumption (ii) of (A) K,r,c,c,δ,ρ and the definition above, for any ε ∈ (0,1),
(3.20)
We next investigate the topology of the level set of I 1,bc,c,ρ,R N near its infimum level. In view of Proposition 3.9, we have the following.
Lemma 3.11 (inf is not achieved in the limiting problem). (a)
Proof. Suppose that the following claim holds true. 
Then we have the following:
Then it is easy to see that Lemma 3.11 follows from the claim above with
Proof of Claim 3.12. (a) It is clear that for all
whence follows
To get the converse inequality, we will use some special sequence (v n ). Let v c ∈ M p (R N ) be a positive minimizer of S p (1,c,R N ) whose existence is guaranteed by Proposition 3.9.
Let (y n ) ⊂ R N be any sequence which satisfies |y n | → ∞ as n → ∞. Set v n (·) = v c (· − y n ). Now we will show that
Take any ε > 0. The fact lim |x|→∞ b(x) = c allows us to take R 1 such that
, we can choose R 2 so large that
.
(3.26)
Since |y n | → ∞ as n → ∞, it is also easy to see that, for R 1 and R 2 above,
holds for large n. Then we have
(3.28) Using (3.25) and (3.27), we have
Moreover (3.26) and the fact that |b(
(3.30)
Thus (3.24) follows from (3.28), (3.29), and (3.30). Combining (3.24) with
we have
(3.32) (b) As in (a), let v c be a positive minimizer for S p (1,c,R N ) . Suppose that the claim is false, that is, there exists w ∈ M p (R N ) such that 
Also it is easy to see that (3.36) yields the boundedness of (v n ) ⊂ H 1 (R N ). Therefore, it follows that
as n → ∞. Furthermore, by Proposition 3.9 and (3.38), it holds that
as n → ∞. Therefore, by virtue of (3.36), (3.40) , and (3.41), we find that v n ⊂ M p R N is a minimizing sequence of I c,∞ . Hence, together with Lemma 3.13, we have
for some (y n ) ⊂ R N with |y n | → ∞ as n → ∞. Consequently, Lemma 3.10(b) combining with the continuity of β R implies that
as n → ∞. But this is impossible in view of (3.37).
This proposition says that [I
, the infinite-dimensional object, can be compared with the B(0,s) c (⊂ R N ), the finite-dimensional object, with the aid of β R (v). We will see in the next subsection that this correspondence between the finitedimensional object and the infinite-dimensional object is also observed in the "original" problem.
3.4.
Original problem. Now we proceed to the analysis of the original problem. Throughout this subsection, we assume that a(x) is a function satisfying the condition (A) K,r,c,c,δ,ρ for some positive numbers ρ, c, c, δ with c < c and δ ∈ (0,c − c). We also assume that b c+δ,c (x) is a function defined by the condition (B) c+δ,c,ρ in the last part of Section 3.2.
As in the previous subsection, we denote the limiting functional I 1,bc,c,ρ,R N as I c,∞ and the original functional I 1,aε,Ω/ε as I ε .
We regard the original functional I ε (v) = Ω/ε |∇v| 2 + a(εx)|v| 2 as a perturbed functional of the limiting functional I c+δ,∞ for suitable δ > 0. Furthermore with the aid of Φ ε,c+δ (see Section 2.2 for definition), we can embed the topology of ∂K/ε into the level set of I ε near its infimum level when ε is small enough. 
we have only to verify that
Note that
Here it is easy to see that
as ε → 0. We next prove that under the condition (A) K,r,c,c,δ,ρ , the relation between the level set of functional I c,∞ and B(0,s) c described in Proposition 3.14 still holds for the perturbed functional I ε . 
